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Abstract
We introduce and study the notion of torsion theory in the non-abelian context of homological categories,
and we investigate the properties of the corresponding closure operator. We then consider several new
examples of torsion theories in the category of topological groups and, more generally, in any category of
topological semi-abelian algebras. We finally characterize the hereditary torsion theories, and we analyse a
new example in the homological category of crossed modules.
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Introduction
The notion of homological category allows one to extend the validity of the classical homo-
logical lemmas to a non-abelian context [8]. In the present paper, we show that the algebraic
properties of homological categories are also suitable to give a precise and efficient definition of
“generalized torsion theory” which, in the abelian setting, gives back the classical definition. The
main interest of this extension is that it allows one, on the one hand, to interpret some known
phenomena in terms of this new conceptual approach, and, on the other hand, to consider some
new examples in the categories of topological groups and of crossed modules.
In the first section we recall some basic properties of homological categories. In Section 2
we then show that the (regular) epireflective subcategories of a homological category correspond
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result shows how, in this specific context, it is sufficient and natural to consider closure operators
defined uniquely on kernels, instead of the usual closure operators defined on arbitrary subob-
jects, for which we refer to the classical book by Dikranjan and Tholen [19]. By looking at the
particular epireflection () between topological groups and Hausdorff groups
F : Grp(Top) → Grp(Haus) ()
sending a topological group X to the quotient of X by the topological closure of the trivial
subgroup 0 of X, we can prove that the homological closure of a kernel exactly coincides with
its topological closure.
Among epireflective subcategories, Birkhoff ones have the remarkable property that any reg-
ular quotient of an algebra in the epireflective subcategory F still belongs to F . A topological
example is given by the epireflection () between compact Hausdorff groups and profinite
groups
F : Grp(HComp) → Grp(Prof ) ()
sending X to the quotient X/Γ (0), where Γ (0) is the connected component of 0. Birkhoff sub-
categories are clearly important in universal algebra, but also in homological algebra in the study
of Baer invariants [20]. In Section 3 the Birkhoff epireflective subcategories of a semi-abelian
category are shown to correspond to a special kind of homological operator, called Birkhoff
closure operator, having the property that the closure is preserved by regular images (i.e., any
regular epimorphism is “closed”). In the special case of the epireflection () the closure of any
kernel is just the supremum of this kernel and of the connected component Γ (0) of 0. Let us
emphasize that the results mentioned so far concerning the topological groups are proved, with
no extra effort, for any type of semi-abelian topological algebras recently considered by Borceux
and Clementino in [4].
We show in Section 4 that the classical axioms defining a torsion theory keep their full mean-
ing in any homological category, and we then prove several basic properties: for instance, in any
homological category, a torsion-free subcategory always determines its torsion subcategory in
a unique way. We then prove that a torsion theory is the same thing as a fibered epireflection
(Theorem 4.12), i.e., an epireflection such that the left adjoint is a fibration [6,17]. A torsion the-
ory corresponds to a special kind of closure operator on kernels, the weakly hereditary closure
operators. We prove that, under this correspondence, the torsion-free objects F are characterized
by the fact that the inclusion 0 → F is closed, while the torsion objects T are exactly those for
which the inclusion 0 → T is dense (Theorem 4.15).
In Section 5 we turn our attention to the hereditary torsion theories, and show that the clas-
sical correspondence with hereditary closure operators [2] still holds in our non-abelian context.
This result is a consequence of another one of independent interest: a torsion theory is hered-
itary if and only if the corresponding fibered epireflection preserves monomorphisms. A new
non-abelian example of hereditary torsion theory is provided in the category of crossed mod-
ules, where the torsion-free subcategory consists of its full subcategory of normal subgroups. An
explicit description of the corresponding closure operator on kernels can be given.
In the last section we analyse the different situations considered throughout the paper from the
point of view of radical theory. Explicitely, we determine the properties of the radicals character-
izing general epireflections and (hereditary) fibered epireflections of any homological category.
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modules as well as the notion of radical in the category of groups studied, for instance, by Casacu-
berta and Descheemaeker [16].
1. Homological categories
In this section we recall some basic definitions, and some properties of homological cate-
gories.
A finitely complete category C is regular if (1) any effective equivalence relation (i.e., ker-
nel pair) has a quotient, and (2) regular epimorphisms are pullback-stable [1]. The category is
pointed when it has a zero object, that will be denoted by 0.
1.1. Definition. A homological category [3] is a regular pointed category which is protomodu-
lar [7], i.e., it satisfies the following property: given a commutative diagram
A B C
D E F
where the dotted vertical arrow is a regular epi, the left-hand square and the whole rectangle are
pullbacks, then the right-hand square is also a pullback.
In a homological category, there is a natural notion of short exact sequence: this is due to the
fact that a regular epimorphism p :X → Y is always the cokernel of its kernel [7]. A short exact
sequence is then a zero sequence (i.e., the composite is the zero arrow) such that p is a regular
epi and k is the kernel of p: it will be pictured as follows:
0 K
k
X
p
Y 0.
Thanks to the previous remark, p is also the cokernel of k. In any regular category, an arrow
f :X → Y has a unique (up to isomorphism) factorization i ◦ p = f , with p a regular epimor-
phism and i a monomorphism. In a homological category, this factorization can be obtained in
the following way: one first takes the kernel k of f , and then the cokernel p :X → I of k. The
induced factorization i : I → Y is a monomorphism.
It is well known [8] that a regular pointed category C is homological if and only if the classical
Short Five Lemma holds in C. This means that, given a diagram
0 K
f
k
X
g
p
Y
h
0
0 K ′
k′
X′
p′
Y ′ 0
where all the squares are commutative, and f and h are isomorphisms, then g is an isomorphism
as well.
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abelian context, still hold true: it is the case, for instance, for the snake lemma, the (3 × 3)-
lemma and for the Noether Isomorphism Theorems [3,8].
Examples. Although the category Top of topological spaces is not regular, the category Grp(Top)
of topological groups is regular [15]. Since it is also protomodular, Grp(Top) is a good example of
homological category [11]. The same is true for the category Grp(Haus) of topological Hausdorff
groups.
Let us now recall two nice properties of homological categories, that will be needed in the
following:
1.2. Lemma. [7] In a homological category C pullbacks reflect monomorphisms. This means that
if in a pullback
P
m
n
Y
f
X
g
Z
n is a monomorphism, then g is a monomorphism as well.
1.3. Lemma. [8] In a homological category C let us consider the commutative diagram
0 K
f
k
X
g
p
Y
h
0
0 K ′
k′
X′
p′
Y ′ 0.
If the left-hand square is a pullback, then h is a monomorphism.
The stronger notion of semi-abelian category was introduced in [25]. Recall that a regular
category is exact in the sense of Barr [1] when any equivalence relation is effective.
1.4. Definition. [25] A homological category is semi-abelian when, moreover, it is exact and it
has binary coproducts.
In a semi-abelian category there is a simple characterization of pushouts of regular epimor-
phisms. We omit the proof of the following useful result, which can be found in [12].
1.5. Lemma. Let C be a semi-abelian category, and let
P
n
m
Y
g
X
f
Z
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the restriction n : Ker(m) → Ker(f ) of n to the kernels is a regular epimorphism.
Examples. (1) Many familiar algebraic categories are semi-abelian, and then, in particular,
homological: groups, abelian groups, R-modules, rings, commutative rings, Lie algebras, asso-
ciative algebras, Boolean and Heyting semilattices, crossed modules. The varieties of universal
algebras which are semi-abelian have been characterized as follows:
1.6. Theorem. [13] A variety of universal algebras V is semi-abelian if and only if its theory
Th has a unique constant 0, binary terms t1, t2, . . . , tn and a (n + 1)-ary term τ satisfying the
identities τ(x, t1(x, y), t2(x, y), . . . , tn(x, y)) = y and ti (x, x) = 0 for each i = 1, . . . , n.
There are other interesting examples of semi-abelian categories of a rather different nature:
of course, any abelian category is semi-abelian, but also the dual of the category of pointed sets,
and the category of C-algebras [21].
(2) When one considers the models of a semi-abelian theory Th as above in the category
Top of topological spaces, one does not obtain a semi-abelian category, in general. However,
such a category Th(Top) of topological (semi-abelian) algebras is still a homological category,
as it was proved in [4]. Similarly, when Haus is the category of Hausdorff spaces, the cate-
gory of models Th(Haus) of a semi-abelian theory Th in Haus is homological. We shall call
Th(Haus) the category of Hausdorff (semi-abelian) algebras. However, the category Th(HComp)
of compact Hausdorff semi-abelian algebras is semi-abelian. This is the case, in particular, for the
category Grp(HComp) of compact Hausdorff groups and, for the same reason, for the category
Rng(HComp) of compact Hausdorff rings.
2. Epireflective subcategories
In this section C will denote a homological category. By an epireflective subcategory F of a
category C we shall always mean a full replete reflective subcategory
F
U
C⊥
F
with the property that every component ηA :A → UF(A) of the unit of the adjunction is a regular
epimorphism. It is well known that this last requirement is equivalent to the fact that F is closed
in C under subobjects. Since U is a full inclusion, we shall often write ηA :A → F(A), and drop
U in the notation.
First, we are going to characterize the epireflective subcategories of a given homological cate-
gory C in terms of a special kind of closure operator on kernels. For this, the following definitions
will be needed:
2.1. Definition. An idempotent closure operator ( ) on kernels consists in giving for every kernel
S X another kernel S X , called the closure of S in X. This assignment has to satisfy the
following properties, where S X and T X are kernels and Y f X is an arrow in C:
(1) S ⊆ S,
(2) S ⊆ T implies S ⊆ T ,
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(4) S = S.
As usual, a kernel S X is said to be closed when S = S, and dense when S = X.
2.2. Definition. An idempotent closure operator on kernels will be called a homological closure
operator if it also satisfies the following axiom:
(5) for any regular epimorphism Y f X one has that f−1(S) = f−1(S ).
2.3. Lemma. Let ( ) be a homological closure operator, let s :S → Y be a kernel and f :X → Y
a regular epimorphism. Then in the pullback
f−1(S)
g
f−1(s)
X
f
S
s
Y
s is a closed (respectively, dense) kernel if and only if f−1(s) is a closed (dense) kernel.
Proof. When s is closed one has that
f−1(S) = f−1(S ) = f−1(S),
thanks to axiom (5), so that f−1(s) is closed. Similarly, if s is dense
f−1(S) = f−1(S ) = f−1(Y ) = X
shows that f−1(s) is dense.
On the other hand, let us assume that f−1(s) is closed. If we write iS :S → S for the canon-
ical inclusion, our assumptions that if−1(S) :f−1(S) → f−1(S) is an isomorphism and that
f−1(S ) = f−1(S) (axiom (5)) imply that the composite iS ◦ g is a regular epimorphism. It
follows that iS is a regular epi, and then it is invertible, as desired. The proof that s is dense
whenever f−1(s) is dense is similar, and we leave it to the reader. 
2.4. Theorem. Let C be a homological category. There is a bijection between the epireflective
subcategories of C and the homological closure operators on kernels.
Proof. Given a homological closure operators on kernels ( ) we are going to prove that the full
replete subcategory F defined by
F ∈F if and only if 0 → F is closed
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canonical quotient X/0X
0X
kX
X
ηX
0 X/0X
where ηX = Coker(kX) is the cokernel of kX . Remark that F(X) = X/0X belongs to F : indeed,
by Lemma 2.3 and axiom (4) we know that the kernel 0 → X/0X is closed.
Let us then show that ηX :X → X/0X has the universal property with respect to the full
subcategory F . For this, let f :X → F be any arrow with F in F
0X
kX
X
f
ηX
X/0X
0 = 0F
kF
F F.
Now, since 0 ⊆ Ker(f ) = f−1(0), by axioms (2) and (3) it follows that
0X ⊆ f−1(0) ⊆ f−1(0F ) = f−1(0) = Ker(f ).
Accordingly, f ◦ kX = 0, and there is then a unique arrow g :X/0X → F such that g ◦ ηX = f ,
as desired. The functor F :C → F is then the left adjoint of the forgetful functor U :F → C. It
follows thatF is epireflective in C, because each X-component ηX of the unit η of this adjunction
is a regular epi by construction.
Conversely, let us begin with an epireflective subcategory F of C with reflector F :C → F .
For any object X in C there is a canonical short exact sequence
0 K(X) X F(X) 0
with kX the kernel of the X-component of the unit of the adjunction.
The closure S of a kernel S is defined as the pullback of the kernel kX/S along the quotient q
of X by S:
S
s
K(X/S)
kX/S
S
s
iS
X
q
X/S.
Equivalently, the arrow s can be defined as the kernel of ηX/S ◦ q , and consequently, S contains
S (axiom (1)). Remark that, in particular, K(X) = 0X . Since in a homological category one also
has that ηX/S ◦ q is the cokernel of its kernel s, the axiom (4) is trivially satisfied. The fact that
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first consider the following diagram
f−1(S)
g
f−1(s)
Y
f
q ′
Y/f−1(S)
h
F (Y/f−1(S))
F(h)
S
s
X
q
X/S F(X/S)
where the left-hand square is a pullback by construction, and q and q ′ are the canonical quotients.
Again the functoriality of F and the definition of the closure operator gives a unique arrow t such
that the square
f−1(S)
f−1(s)
t
Y
f
S
s
X
commutes. This implies that f−1(S) ⊆ f−1(S ), proving axiom (3). In a homological category
the arrow h is a always a monomorphism by Lemma 1.3. When, moreover, the arrow f is as-
sumed to be a regular epimorphism, it is clear that the arrow h :Y/f−1(S) → X/S actually is an
iso. It is then easy to check that, in this case, the square here above is a pullback (axiom (5)).
Let us finally prove that these constructions determine a bijective correspondence between
epireflections and homological closure operators on kernels. If ( ) is a homological closure op-
erator, F is the functor defined as above, and ˜( ) the homological closure operator associated
with F , we have to prove that ( ) = ˜( ). Consider the following diagram, where the square is a
pullback:
S˜
s
0X/S
kX/S
S
s
iS
X
q
X/S.
By axiom (5) of the original closure operator it follows that
S˜ = q−1(0X/S) = q−1(0) = S.
Conversely, given an epireflection F :C → F , the associated closure operator ( ) and the epire-
flection F :C → F associated with ( ), we have to prove that F = F . This follows immediately
from the fact that, in a homological category, a regular epimorphism is the cokernel of its ker-
nel. 
2.5. Proposition. Let F be an epireflective subcategory of a homological category C, with reflec-
tor F :C →F , and associated homological closure operator ( ). Then:
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0 S
iS
S
w
0X/S 0,
(2) a kernel S X is closed if and only if X/S is in F , i.e., if and only if F(X/S) = X/S,
(3) a kernel S X is dense if and only if F(X/S) = 0.
In particular, 0 → X is closed if and only if F(X) = X, and 0 → X is dense if and only if
F(X) = 0.
Proof. (1) Consider again the diagram
S
s
w
0X/S
kX/S
S
s
iS
X
q
X/S
where the square is a pullback. In a homological category, the arrow iS is necessarily the kernel
of w [8] and, consequently, w is the cokernel of iS .
(2) The object X/S is in F if and only if 0X/S is 0. This is the case exactly when iS is an iso,
i.e., when S X is closed.
(3) On the other hand, it is clear that s is an iso if and only if kX/S is an iso. This latter
condition is also equivalent to the fact F(X/S) = 0, as desired. 
Hausdorff groups and Hausdorff semi-abelian algebras
By generalizing the situation of the epireflection
Grp(Haus)
U
Grp(Top),⊥
F
Borceux and Clementino prove that, for any semi-abelian theory Th, the category of topo-
logical algebras Th(Top) is homological, and that Th(Haus) is an epireflective subcategory of
Th(Top) [4]:
Th(Haus)
U
Th(Top).⊥
F
Given a topological algebra X, the left adjoint F sends X to its quotient X/0TopX by the normal
subalgebra 0TopX , which is the topological closure in X of the trivial normal subalgebra {0}. We
are now going to prove that the homological closure operator ( ) of Theorem 2.4 coincides with
the topological closure operator ( )Top.
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subcategory Th(Haus) of Th(Top). Then, for any kernel s :S → X, its homological closure S
coincides with the usual topological closure STop.
Proof. First remark that, thanks to the description of the reflector F : Th(Top) → Th(Haus) re-
called above, we already know that 0X = 0TopX . Now, let us consider the construction of the
homological closure S of any kernel s :S → X
S
s
w 0TopX/S
kX/S
S
s
iS
X
q
X/S.
By definition S is closed for the homological closure operator if and only if iS is an iso. By
Proposition 2.5 iS is an iso if and only if 0TopX/S = 0, hence if and only if X/S is a Hausdorff
algebra. By Proposition 26 in [4] this is the case if and only if S is topologically closed. 
3. Birkhoff subcategories
An epireflective subcategory F of a Barr-exact [1] category C is a Birkhoff subcategory [24]
if F is closed in C under regular quotients. When C is a variety of universal algebras, a Birk-
hoff subcategory is simply a subvariety. We shall now prove that Birkhoff subcategories of a
semi-abelian category C correspond to homological closure operators on kernels satisfying the
following additional axiom:
(B) For any regular epi X
f
Y one has that f (S)Y = f (SX).
Remark that this axiom makes sense in any semi-abelian category, because the regular image
f (S) of a kernel S along a regular epi f is always a kernel in this context [9,25]. This is not the
case, in general, in any homological category.
If S X and T X are two kernels, we shall write S+T for their supremum in the poset
of kernels with codomain X. In order to prove the announced correspondence the following three
results will be needed:
3.1. Lemma. Let C be a semi-abelian category. Then, for any regular epi f :X → Y and kernels
S X and T X one has that
f (S)+ f (T ) = f (S + T ).
Proof. Let us denote by
X
qX
pX
X/T
rX
X/S
sX
PX
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Of course, S + T is the kernel of the diagonal of the square above. Since direct regular images
preserve kernels in any semi-abelian category, f (S) and f (T ) are kernels, and f (S) + f (T ) is
then the kernel of the diagonal of the pushout
Y
qY
pY
Y/f (T )
rY
Y/f (S)
sY
PY .
There are induced arrows g :X/S → Y/f (S) and h :X/T → Y/f (T ) such that h ◦pX = pY ◦ f
and g ◦ qX = qY ◦ f . The universal property of the pushout gives a unique l :PX → PY with
l ◦ sX = sY ◦ g and l ◦ rX = rY ◦ h.
Now, both squares in the following rectangle are pushouts (the left-hand one by Lemma 1.5):
X
qX
f
Y
qY
pY
Y/f (T )
rY
X/S
g
Y/f (S)
sY
PY .
Consequently, the exterior rectangle in the following diagram is a pushout:
X
qX
pX
X/T
rX
h
Y/f (T )
rY
X/S
sX
PX
l
PY
and then the right-hand square is a pushout. This implies that the square
X
rX◦pX
f
Y
rY ◦pY
PX
l
PY
is a pushout and then, by Lemma 1.5 it follows that the induced arrow f˜ from S + T to
f (S)+ f (T ) is a regular epi, which precisely means that f (S)+ f (T ) = f (S + T ). 
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Birkhoff subcategory of C if and only if for any regular epi f :X → Y the canonical commutative
square
X
ηX
f
Y
ηY
FX
F(f )
FY
is a pushout.
Proof. Let α :FX → Z and β :Y → Z be two arrows in C with the property that α ◦ηX = β ◦f .
Since the category C has regular epi-mono factorizations we can assume, without any loss of
generality, that α and β are regular epimorphisms. Now, when F is closed in C under quotients,
the object Z belongs to F . By the universal property of the adjunction it follows that there is a
unique arrow γ :FY → Z such that γ ◦ ηY = β . The fact that ηX is a regular epi implies that
γ ◦ F(f ) = α, as desired.
Conversely, when f is a regular epi and X is in F , the fact that the commutative square above
is a pushout and ηX an iso implies that ηY is an iso and Y is in F . 
3.3. Proposition. Let F be a Birkhoff subcategory of a semi-abelian category C, and let ( ) be
the associated homological closure operator on kernels. Then, for any kernel S X , one has
that
SX = 0X + S,
where the right-hand side is the supremum of 0X and S in the poset of kernels with codomain X.
Proof. By Theorem 2.4, the closure operator is built as follows:
S
s
K(X/S)
kX/S
S
s
iS
X
q
X/S.
The arrow s is the kernel of ηX/S ◦ q , i.e., the kernel of the diagonal of the following square,
which is a pushout by the previous lemma:
X
ηX
q
X/S
ηX/S
FX
F(q)
F (X/S).
Since Ker(ηX) = 0X and Ker(q) = S it follows that S is the supremum of 0X and S considered
as kernels with codomain X. 
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closed if and only if S ⊇ 0X .
(2) The suprema considered in the previous proposition are not only the suprema among
kernels, but also the ones among subobjects (see [3] for a proof of this fact).
3.4. Proposition. Let C be a semi-abelian category. There is a bijection between the Birkhoff
subcategories F of C and the homological closure operators on kernels satisfying axiom:
(B) for any regular epi X f Y and any kernel S s X , one has that
f (S)Y = f (SX).
Proof. Thanks to Theorem 2.4 we just need to prove that, in the exact context, axiom (B) holds
for ( ) if and only if the corresponding subcategoryF is closed in C under regular quotients. Now,
in the presence of axiom (B), the property f (0)Y = f (0X) holds for any regular epi X f Y .
Consequently, whenever X belongs toF , 0Y = f (0X) = f (0X) = f (0)Y = 0Y , so that Y belongs
to F .
Conversely, if F is closed in C under quotients and f is a regular epi, the right-hand square
in the following diagram is a pushout of regular epimorphisms (by Lemma 3.2):
0X
f
X
f
ηX
FX
F(f )
0Y Y ηY FY.
In a semi-abelian category this implies that the restriction f to the kernels is a regular epi (Lem-
ma 1.5), showing that f (0X) = 0Y . If S is any kernel and f is a regular epi, Lemma 3.1 and
Proposition 3.3 then imply that
f (S)Y = 0Y + f (S) = f (0X)+ f (S) = f (0X + S) = f (SX),
and this completes the proof. 
Profinite semi-abelian algebras
Let us recall that a topological space is totally disconnected if the connected component of
any point in the space is reduced to that point. A compact, totally disconnected space is called a
profinite space. When Th is a semi-abelian theory, we write Th(Prof ) for the category of profinite
(semi-abelian) algebras, and Th(HComp) for the category of (semi-abelian) compact Hausdorff
algebras. Borceux and Clementino proved in [4] various properties of profinite algebras, which,
in particular, imply the following result:
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Th(HComp)
Th(Prof )
U
Th(HComp).⊥
F
Proof. The left adjoint F sends a compact Hausdorff algebra X to its quotient X/Γ (0) by the
connected component Γ (0) of 0 in X. Accordingly, the X-component of the unit of the adjunc-
tion is given by ηX :X → F(X) = X/Γ (0). It is easy to check that the category Th(HComp) is
semi-abelian (because HComp is an exact cocomplete category). Moreover, Th(Prof ) is closed in
Th(HComp) under regular quotients, as one can deduce from Proposition 46 in [4]. Accordingly,
Th(Prof ) is a Birkhoff subcategory of Th(HComp). 
Thanks to Proposition 3.3, a description of the associated closure operator can be deduced.
Indeed, given a kernel S s X , its closure is S = S + Γ (0), i.e., the supremum of S and of the
connected component of 0 as subobjects of X. In the case Th = Grp we obtain the following:
3.6. Corollary. Consider the adjunction
Grp(Prof )
U
Grp(HComp)⊥
F
between the profinite groups and the compact Hausdorff groups. Given a kernel S s X , its
closure S is given by the product S · Γ (0) of the normal subgroups S and Γ (0) in the group-
theoretic sense.
Abelian algebras
Given a semi-abelian category C, the full subcategory CAb of the abelian objects in C is a
Birkhoff subcategory [12]. For any X in C, the closure 0X is given here by [X,X], which is the
normal subobject associated with the largest (categorical) commutator [∇X,∇X] on X [10,26].
By Proposition 3.3 the closure S of any kernel S s X is then the supremum [X,X]+S. Remark
that, in this context, the axiom (B) gives the usual stability property of the commutator by regular
images. A topological example of this situation is given by the Birkhoff subcategory Ab(HComp)
of the abelian compact Hausdorff groups in the category Grp(HComp) of the compact Hausdorff
groups.
4. Torsion theories
In this section we are going to show that the classical axioms for torsion theories in the abelian
setting keep their full meaning in homological categories. Then, we shall show that they corre-
spond, on the one hand, to homological closure operators satisfying the additional property of
weak heredity, and, on the other hand, to a special kind of epireflections, called fibered epireflec-
tions [6] (also called semi-left-exact reflections in [5,17]).
We first introduce the definition of a torsion theory, which literally extends the one given in
the context of abelian categories:
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replete subcategories of C such that:
(1) The only arrow f :T → F from T ∈ T to F ∈F is the zero arrow 0.
(2) For any object X in C there exists a short exact sequence
0 T
tX
X
ηX
F 0
with T ∈ T and F ∈F .
4.2. Lemma. Let (T ,F) be a torsion theory in a homological category C. Then for any X in C
there exists exactly one (up to isomorphism) short exact sequence
0 T
tX
X
ηX
F 0
with T ∈ T and F ∈F .
Proof. Let us consider two short exact sequences
0 T
tX
X
ηX
F 0
0 T ′
t ′X
X
η′X
F ′ 0
where T ,T ′ are in T and F,F ′ are in F . The arrows η′X ◦ tX and ηX ◦ t ′X are the zero arrows,
whence two factorizations α :T → T ′ and β :T ′ → T such that t ′X ◦ α = tX and tX ◦ β = t ′X .
It follows that β ◦ α = 1T and α ◦ β = 1′T , hence T  T ′. In a homological category this also
implies that F  F ′, as desired. 
4.3. Lemma. Let (T ,F) be a torsion theory in a homological category C. Then:
(1) T ∩F = 0,
(2) T is closed in C under regular quotients,
(3) F is closed in C under subobjects.
Proof. (1) If X ∈ T ∩F , then the identity arrow 1X :X → X is the zero map, therefore X = 0.
(2) Let f :X → Y be a regular epi, with X in T . By considering the canonical exact sequence
0 T
tY
Y
ηY
F 0
one clearly has that ηY ◦ f = 0. Accordingly, there is a unique arrow g :X → T with tY ◦ g = f .
It follows that tY is a regular epi, thus an iso, and Y belongs to T .
D. Bourn, M. Gran / Journal of Algebra 305 (2006) 18–47 33(3) If f :X → Y is a monomorphism and Y belongs to F , by considering the canonical exact
sequence
0 T
tX
X
ηX
F 0
one has that f ◦ tX = 0. There exists then a unique arrow g :F → Y with g ◦ ηX = f , hence ηX
is an iso and X is in F . 
4.4. Corollary. Let (T ,F) be a pair of full replete subcategories of a homological category C
with the property that for any X in C there is an exact sequence
0 T
tX
X
ηX
F 0
with T ∈ T and F ∈F . Then the following conditions are equivalent:
(1) (T ,F) is a torsion theory,
(2) T is closed in C under regular quotients, F is closed in C under subobjects, T ∩F = 0.
Proof. Thanks to the previous lemma, only the implication (2) ⇒ (1) needs to be proved. For
this, consider any arrow f :X → Y with X in T and Y in F . The regular image I of this arrow
belongs at once to T and to F , because I is a regular quotient of X and a subobject of Y . By
assumption I  0, thus f = 0. 
4.5. Definition. A full replete subcategory X of a homological category C is closed under exten-
sions in C if the following property holds: given a short exact sequence
0 X1
a
X
b
X2 0
if X1 and X2 belong to X , then X belongs to X as well.
4.6. Proposition. Let (T ,F) be a torsion theory in a homological category. Then both the sub-
categories T and F are closed under extensions in C.
Proof. Let us consider an exact sequence
0 T1
a
X
b
T2 0
where both T1 and T2 are in T . Then, by taking the canonical exact sequence
0 T
tX
X
ηX
F 0
one has that ηX ◦ a = 0, then there is a unique c :T2 → F with c ◦ b = ηX , and c is a regular
epi because ηX is so. Since T is closed in C under quotients, F is in T . Since F is also in F , it
follows that F = 0, and tX is an iso. Consequently, X belongs to T .
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0 F1
a
X
b
F2 0
where F1 and F2 are in F , from b ◦ tX = 0 it follows that there is a unique i :T → F1 with
a ◦ i = tX , whence i is a mono. Accordingly, T belongs to F because F is closed in C under
subobjects. It follows that T = 0, and X  F is in F . 
We shall say that a full replete subcategory F of a homological category C is a torsion-free
subcategory if there is a full replete subcategory T with the property that (T ,F) is a torsion
theory in C.
We recall that, given an epireflective subcategory F of a homological category C, with reflec-
tion F :C →F , there is a canonical exact sequence
0 K(X) X F(X) 0
for any X in C. On the one hand, we define
TF =
{
T ∈ C | T  K(X) for some X}.
On the other hand, we define
F← = {T ∈ C | HomC(T ,F ) = {0}, ∀F ∈F
}
.
Equivalently, the category F← can be described as follows:
4.7. Lemma. Let F be an epireflective subcategory of a homological category C, with reflection
F :C →F . Then
F← = {T ∈ C | F(T ) = 0}.
Proof. Clearly, if T has the property that F(T ) = 0, any arrow f :T → F , with F in F factors
through ηT :T → F(T ) = 0. Accordingly, T belongs to F←. On the other hand, when T is in
F←, the T -component ηT of the unit of the adjunction is the zero arrow. But ηT is a regular
epimorphism, hence F(T ) = 0, as desired. 
Of course, one always has the inclusion F← ⊂ TF .
4.8. Theorem. Let F be a full replete subcategory of a homological C. The following conditions
are equivalent:
(1) F is a torsion-free subcategory of C,
(2) F is epireflective in C and TF =F←,
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(4) F is epireflective in C, F is closed in C under extensions, and TF is closed in C under
quotients.
Under these assumptions the torsion theory is given by (TF ,F) or, equivalently, by (F←,F).
Proof. (1) ⇒ (2). We know that for any X in C there is a unique exact sequence
0 T
tX
X
ηX
F 0
with T in T and F in F . Now, the left adjoint F of the inclusion functor U :F → C is defined
on objects by F(X) = F . Let us check the universal property of ηX :X → F(X). Given an arrow
f :X → F ′, with F ′ ∈F ,
0 T
kX
X
f
ηX
F (X) 0
0 0 F ′ F ′ 0
the fact that f ◦ kX = 0 implies that there is a unique arrow g :F(X) → F ′ with g ◦ ηX = f . It
follows that F :C →F is the left adjoint of U :F → C.
Let us then show that F← = TF = T . As we remarked above, one always has the inclusion
F← ⊂ TF . On the other hand, TF ⊂ T : indeed, when X′ is in TF , X′ is isomorphic to the kernel
of ηX for some X in C
0 X′  T kX X
ηX
F (X) 0
so that X′ belongs to T (T is replete in C). Finally, T ⊂F←, by definition of the torsion theory
(T ,F).
(2) ⇒ (3). By definition of F←, any arrow f :T → F with T in TF =F← and F ∈F is the
zero arrow.
(3) ⇒ (4). Let f :T → Y be a regular epi with T in TF . Then ηY ◦ f = 0, so that there is a
unique i :T → T ′ with kY ◦ i = f . Since f is a regular epi, the map kY :T ′ → Y is a regular epi,
hence an iso, and Y is in TF . On the other hand, given an exact sequence
0 F1
a
X
b
F2 0
with F1 and F2 in F , there is a unique arrow l :T → F1 such that a ◦ l = kX . But the only arrow
from T to F1 is the zero arrow, hence kX = 0, and ηX an iso. The object X is then in F , as
desired.
(4) ⇒ (1). By Corollary 4.4 we only need to prove that TF is closed under regular quo-
tients, F is closed under subobjects and TF ∩ F = 0. The first two conditions are satisfied by
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sequence
0 X  Ker(ηX1) X1
ηX1
F(X1) 0.
Since F is closed in C under extensions it follows that X1 is in F . Consequently, the arrow ηX1
is an iso and X = 0, as desired. 
Remark. Under the assumptions of the previous theorem the two canonical exact sequences
0 K(X)
kX
X
ηX
F (X) 0
and
0 T
tX
X
ηX
F 0
are isomorphic.
4.9. Definition. The left adjoint F is said to be normal if K(K(X)) = K(X) for any X in C. In
a homological category the left adjoint F is normal if and only if F(K(X)) = 0 for any X in C.
The normality property is also equivalent to the following one:
4.10. Lemma. Let C be a homological category. Then F is normal if and only if the canonical
commutative square
K(X)
kX
ηK(X)
X
ηX
F (K(X))
F(kX)
F (X)
is a pullback for any X in C.
Proof. It suffices to look at the following commutative diagram:
K(X)
ηK(X)
K(X)
kX
X
ηX
F (K(X)) 0 FX.
The whole rectangle is a pullback if and only if the left-hand square is a pullback. This latter
condition is also equivalent to the fact that the unique arrow from F(K(X)) to 0 is an iso,
because in a homological category pullbacks reflect monomorphisms (Lemma 1.2). 
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pullback stable along arrows in the reflective subcategory F . This means that in a pullback
P Y
ηY
X
f
F(Y )
where X is in F , the vertical dotted arrow is necessarily ηP .
The previous terminology is justified by the fact that a reflection is a fibered reflection if and
only if the left adjoint F is a fibration [6]. In the context of homological categories the torsion
theories, the normal functors and the fibered reflections all determine the same structure:
4.12. Theorem. Let F be a full replete subcategory of a homological category C. Then the
following conditions are equivalent:
(1) F is a torsion-free subcategory of C,
(2) F is epireflective in C and F :C →F is normal,
(3) F is epireflective in C and the reflection is fibered.
Under these assumptions, one sees that the torsion part is the fiber F−1(0) above 0 of the fibra-
tion F , which is nothing but F←.
Proof. The equivalence (1) ⇔ (2) is exactly (1) ⇔ (2) in Theorem 4.8.
(2) ⇒ (3). Let us consider the following pullbacks
K(Y)
l
ηK(Y )
P
h
g
Y
ηY
0 X
f
F(Y )
where f is an arrow in F and g ◦ l = tY by assumption. First notice that h is a regular epi. We
are going to prove that h = ηP . Since X belongs to F , there is a unique arrow φ :F(P ) → X
such that φ ◦ ηP = h, thus φ is a regular epi. The canonical commutative square
K(Y)
ηK(Y)
l
P
ηP
0 = F(K(Y ))
F(l)
F (P )
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pullback. Then, the whole rectangle and the left-hand square in the diagram
K(X)
l
ηK(X)
P
ηP
P
h
0 F(P )
φ
X
are pullbacks. Since ηP is a regular epi and the category is homological the right-hand square
is a pullback as well. By Lemma 1.2 it follows that the arrow φ is a mono and then an iso, as
desired.
(3) ⇒ (2). By Lemma 4.10 it follows that (2) is a special case of (3). 
Similarly to what happens in the abelian case, we can now characterize torsion-free subcat-
egories in terms of homological closure operators. First, the following property of homological
closure operators will be needed:
4.13. Lemma. Let ( ) be a homological closure operator on kernels, and let
X
s
t
Y
f
Z
g
W
be a commutative square where t is a dense kernel, f is a regular epi and g is a closed kernel.
Then g is an isomorphism.
Proof. Consider the pullback of f and g:
X
s
t
w
f−1(Z)
f−1(g)
Y
f
Z
g
W.
Clearly f−1(g) is dense, because t is dense, and then g is dense by Lemma 2.3. But g is closed
by assumption, thus an iso, as desired. 
4.14. Definition. A weakly hereditary closure operator is a homological closure operator on
kernels satisfying the additional axiom
(6) for any kernel S X the inclusion S S is dense.
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subcategories F of C and the weakly hereditary closure operators.
Under these assumptions the torsion theory (T ,F) is characterized, in terms of the closure
operator, as follows:
T = {X ∈ C | 0 → X is dense} and F = {X ∈ C | 0 → X is closed}.
Proof. Thanks to Theorem 2.4 and to Theorem 4.12 we only need to prove that an epireflective
subcategory C is a fibered reflection if and only if the associated closure operator is weakly
hereditary.
Let F :C → F be the left adjoint of the epireflection. Then F determines a fibered reflection
if and only if F(K(X)) = 0 for any X in C. This is also equivalent to the fact that the kernel
iX : 0 → 0X is dense. It follows that the epireflection is fibered whenever the closure operator is
weakly hereditary.
Conversely, if F is fibered, then iX : 0 → 0X is dense. By Lemma 2.3 applied to the left-hand
square in the diagram
S
iS
S X
q
0
iX/S
0X/S X/S
(which is a pullback) it follows that the inclusion iS :S S is dense, and the associated closure
operator ( ) is weakly hereditary. 
Hausdorff semi-abelian algebras
As we recalled in the second section, for any semi-abelian theory Th, there is an epireflec-
tion [4]:
Th(Haus)
U
Th(Top)⊥
F
We are now going to show that this epireflection actually gives rise to a torsion theory, and we are
going to make explicit its associated torsion subcategory. First, we need the following (see [11]).
4.16. Lemma. In the epireflection above
(1) The induced topology on 0TopX is indiscrete.
(2) A topological algebra T is of the form T  0TopX for some X in C (i.e., T ∈ TF ) if and only if
it is equipped with the indiscrete topology.
Proof. (1) Let us consider a non-empty closed set W in 0TopX , and we shall prove that W is nec-
essarily 0TopX . If 0 (the zero element in the topological algebra X) belongs to W , then W = 0TopX .
If 0 does not belong to W we shall produce a contradiction.
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t1, t2, . . . , tn and τ of Theorem 1.6, one can define a map φa : 0TopX → 0TopX as follows:
φa(x) = τ
(
0, t1(x, a), t2(x, a), . . . , tn(x, a)
)
.
We then have that φa(0) = a and φa(a) = τ(0, t1(a, a), t2(a, a), . . . , tn(a, a)) = τ(0,0, . . . ,0) =
0. The map φa is continuous (with respect to the induced topology on 0TopX ), so that φ−1a (W) is
a closed subset of 0TopX containing 0, and φ−1a (W) = 0TopX . Thus a is in φ−1a (W) and φa(a) = 0
belongs to W , a contradiction. It follows that 0 necessarily belongs to W , and that the only
non-empty closed subset of 0TopX is 0
Top
X itself, as desired.
(2) On the other hand, when a topological algebra X is indiscrete, it is isomorphic to its closed
subset 0TopX , and this completes the proof. 
We shall write Th(Ind) for the category of semi-abelian indiscrete algebras.
4.17. Proposition. The category Th(Haus) is a torsion-free subcategory of Th(Top). The associ-
ated torsion subcategory is Th(Ind).
Proof. Thanks to Theorem 4.8(3) it suffices to show that any arrow f from an indiscrete topo-
logical algebra T to a Hausdorff algebra F is the zero arrow. If not, let y = f (x) be an element
in the image of f which is not zero. The fact that {0} is closed in F because F is a Hausdorff
algebra [4] implies that {y} is closed in F . Since f is continuous, then f−1({y}) = U is a non-
empty closed subset of T . It follows that U  T , and f is constant on y, a contradiction, because
f (0) = 0. The associated torsion subcategory is Th(Ind) by the previous lemma. 
Profinite semi-abelian algebras
Let Th(Conn) be the category of connected compact Hausdorff semi-abelian algebras.
4.18. Proposition. The category Th(Prof ) is a torsion-free subcategory of Th(HComp). The as-
sociated torsion subcategory is Th(Conn).
Proof. Thanks to Theorems 3.5 and 4.8(3) in order to prove the first statement it suffices to
prove that any arrow f :X → Y from a connected semi-abelian algebra X to a totally discon-
nected semi-abelian algebra Y is the zero arrow. Clearly, f (X) is a connected subspace of Y that
contains 0, because f is a continuous homomorphism. Accordingly, f (X) is contained in the
connected component of 0, which is {0} by assumption, and f = 0.
On the other hand, it is clear that a compact Hausdorff algebra X is isomorphic to the con-
nected component Γ (0) of 0 if and only if it is connected. The torsion subcategory associated to
this epireflection is then Th(Conn). 
4.19. Remark. Any classical torsion theory arising in the abelian categories is, in particular, a
torsion theory in the sense considered in the present paper. For instance, the category Abtf of
torsion-free abelian groups and the category Abred of reduced abelian groups are torsion-free
subcategories of the category of abelian groups [2].
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By extending a property of torsion theories which is classical in abelian categories, we are
now going to show that the hereditary torsion theories correspond to a special kind of closure
operators on kernels.
5.1. Definition. A torsion theory (T ,F) in a homological category C is hereditary if T is closed
in C under subobjects. This means that for any monomorphism Y T , with T in T , the object
Y is also in T .
In this situation, we say that F is a hereditary torsion-free subcategory of C.
The torsion theories which are hereditary are characterized by a property of the left adjoint
F :C →F :
5.2. Lemma. Let F be a torsion-free subcategory of a homological category C. Then F is hered-
itary if and only if the left adjoint F :C → F of the inclusion functor U :F → C preserves
monomorphisms.
Proof. Let us assume thatF is a hereditary torsion theory of C and let m :X → Y be a monomor-
phism in C. By applying the left adjoint to m we get the commutative diagram
0 K(X)
kX
X
m
ηX
F (X)
F(m)
0
0 K(Y)
kY
Y
ηY
F (Y ) 0
where K(X) and K(Y) are the kernels of ηX and ηY , respectively, and they belong to T . Let
W
q
r
X
m
K(Y )
kY
Y
be the pullback of kY and m, and let p :X → X/W be the quotient of X by W . Since W is a
subobject of K(Y), it belongs to T by the heredity assumption. On the other hand, the fact that
the square here above is a pullback implies that the unique arrow u :X/W → F(Y ) such that
ηY ◦ m = u ◦ p is a monomorphism (Lemma 1.3). Since F is closed in C under subobjects, it
follows that X/W is in F . For any object X in C, there is a unique exact sequence (up to iso)
0 T
tX
X
ηX
F 0
with T in T and F in F (Lemma 4.2). Accordingly, X/W  F(X) and F(m) is a monomor-
phism.
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T and m :X → T a monomorphism. Of course, F(T ) = 0 (i.e., F is normal by Theorem 4.12),
and F(m) :F(X) → F(T ) is a monomorphism. It follows that F(X) = 0, and X belongs to T ,
as desired. 
Finally, hereditary torsion theories can be also characterized by a special kind of homological
closure operators on kernels.
5.3. Definition. A hereditary closure operator ( ) on kernels consists in giving for every ker-
nel S X another kernel S X , the closure of S in X. This assignment has to satisfy the
following properties, where S and T are kernels and Y f X is any arrow in C:
(1) S ⊆ S,
(2) S ⊆ T implies S ⊆ T ,
(3) f−1(S) = f−1(S ),
(4) S = S.
By definition a hereditary closure operator is, in particular, a homological closure operator.
Furthermore, remark that such an operator is always weakly hereditary. Indeed, when S s X is
a kernel and SX s X is its closure in X, the axiom (3) implies that
SX = s−1(SX) =
(
s−1(S)
)
SX
= (S)SX ,
hence the canonical inclusion iS :S SX is dense, as desired.
5.4. Proposition. Let C be a homological category. There is a bijection between the hereditary
torsion-free subcategories F of C and the hereditary closure operators.
Proof. We shall use the same notations as in Theorem 4.15. Let us consider a hereditary closure
operators on kernels ( ) and a monomorphism Y i T , with T in T , i.e., 0 → T is dense. One
considers the commutative square
0 0
Y
i
T
which is clearly a pullback. By axiom (3) it follows that
0Y = i−1(0T ) = i−1(T ) = Y.
Conversely, if a torsion-free subcategory F is hereditary, we are going to prove that the as-
sociated closure operator on kernels is hereditary. Since the closure operator on kernels satisfies
condition (5) (Theorem 2.4), and any arrow in C has a regular epi-monomorphism factoriza-
tion, it suffices to show that property (3) is satisfied when f :X → Y is a monomorphism. Let
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f−1(S ) = f−1(S). Consider the construction of the closure for the kernels S and f−1(S):
f−1(S)
pX
p
f−1(s)
0X/f−1(S)
k
X/f−1(S)
r
S
pY
s
0Y/S
kY/S
X
qX
f
X/f−1(S)
g
Y
qY
Y/S
By definition of the closure operator, the front square and the back square are pullbacks, the
arrows g and r are induced by the universal properties of the cokernel qX and of the kernel
kY/S , respectively. The arrow p is the induced factorization towards the pullback S. First remark
that the arrow g is a monomorphism by Lemma 1.3. Since the left adjoint F :C → F preserves
monomorphisms by Lemma 5.2, it follows that the right-hand square in the cube above is a
pullback (again by Lemma 1.3). By the usual simplification of pullbacks, it follows that the
left-hand square is a pullback, i.e., axiom (3). 
5.5. Examples. Any hereditary torsion theory in an abelian category is, in particular, a hereditary
torsion theory in the sense of Definition 5.1. We are now going to show that there are some
meaningful examples of hereditary torsion theories also in the present non-abelian setting.
(1) Internal groupoids. First let us consider the category Grpd(C) with objects the internal
groupoids in a homological category C and arrows the internal functors. The category Grpd(C) is
itself homological [12], and it contains the full replete subcategory Eq(C) of internal equivalence
relations in C. The epireflection F : Grpd(C) → Eq(C) associates, with any internal groupoid
Z• :Z1 ×Z0 Z1 Z1
z1
z0
Z0
s0
its support, i.e., the equivalence relation determined by the quotient
Z1
z1
z0
ηZ1
F(Z1)
d1
d0
Z0
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(j0, j1) = j• :Y• → Z• is a kernel in the category Grpd(C) if and only if both the arrows
j0 :Y0 → Z0 and j1 :Y1 → Z1 are kernels in C.
5.6. Theorem. Let C be a homological category. Then:
(1) The homological closure operator ( ) associated with the epireflection
Eq(C)
U
Grpd(C)⊥
F
is the full closure sending any subgroupoid to its associated full subgroupoid.
(2) The torsion part of the torsion theory corresponding to this epireflection is given by the full
subcategory Ab(C) of Grpd(C) whose objects are the abelian objects in C.
(3) The torsion theory (Ab(C),Eq(C)) in the homological category Grpd(C) is hereditary.
Proof. (1) Let Z• be a given internal groupoid in C. Then the kernel K(Z•) of ηZ• :Z• → F(Z•)
is determined by the kernel of (z0, z1) :Z1 → Z0 × Z0, and consequently it is nothing but the
full subgroupoid of Z• generated by 0. The full subgroupoids are stable by inverse images.
Consequently the following pullback diagram shows that, given a normal subgroupoid Y• Z•,
the closure Y• is the full subgroupoid generated by Y•
Y• K(Z•/Y•)
Y• Z• q Z•/Y•
since we have Y 0 = Y0.
(2) By using the same notations as above, it is clear that, for any internal groupoid Z• in C,
there is the following canonical exact sequence in Grpd(C):
0 K(Z•)
kZ•
Z•
ηZ•
F(Z•) 0.
The groupoid structure on Z• induces a natural internal abelian group structure on K(Z•), so
that K(Z•) belongs to Ab(C). Furthermore, it is easy to check that any internal functor from
an abelian object to an equivalence relation is the zero arrow, thus the pair of subcategories
(Ab(C),Eq(C)) is a torsion theory in Grpd(C) (see also Proposition 4 in [6] for a direct proof of
the fact that the epireflection F : Grpd(C) → Eq(C) is fibered).
(3) It is a direct consequence of the fact that the abelian objects in C are closed under subob-
jects in C [3]. 
(2) Crossed modules. It is well known [14] that the category Grpd(Grp) of internal groupoids
in the category of groups is equivalent to the category X-Mod of crossed modules. An object in
the category X-Mod is an arrow α :A → B in the category of groups with an action of B on A,
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α
(
ba
) = bα(a)b−1 and α(a)a′ = aa′a−1.
An arrow (f0, f1) : (α,A,B) → (α′,A′,B ′) in X-Mod is a pair of homomorphisms of groups
making the square
A
f1
α
B
f0
A′
α′
B ′
commute and such that f0(b)f1(a) = f1(ba). Via the equivalence between the categories
Grpd(Grp) and X-Mod, the torsion theory (Ab(Grp),Eq(Grp)) becomes, in this case, the
pair (Ab,Norm(Grp)) of full subcategories of X-Mod whose objects are, respectively, the ar-
rows of the form A → 0 with A an abelian group, and the normal monomorphisms of groups
(with action given by conjugation). With the same notations as in the diagram here above, one
can see that the closure of a kernel (f0, f1) : (α,A,B) → (α′,A′,B ′) in X-Mod is given by
(f0, f1) : (α,α′−1(B),B) → (α′,A′,B ′) in the following pullback (in Grp):
α′−1(B)
f1
α
B
f0
A′
α′
B ′.
More generally, the same holds true when the category Grp is replaced by any semi-abelian
category C, and the category X-Mod is replaced by the category of “internal crossed modules”
in C [23].
6. Radicals
Classically, the notion of radical is useful for the study of torsion theories in categories of mod-
ules, and this turns out to be also true in our non-additive context. We are now going to analyse
the characteristic properties of the radicals canonically associated with the various kind of epire-
flections considered in the previous sections. We refer to the recent article [18] by Clementino,
Dikranjan and Tholen for further investigations in the context of (what they define as) normal
categories.
First, let us introduce the following:
6.1. Definition.
(1) A preradical in a homological category C is a subfunctor K :C → C of the identity functor
with the property that, for any X in C, the canonical subobject kX :K(X) → X is a kernel.
(2) A preradical K is a radical if, moreover, K(X/K(X)) = 0 for any X in C.
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(4) An idempotent radical is called a hereditary radical if, for any subobject y :Y → X, one has
that K(Y) = K(X)∩ Y .
We are now ready for the main characterization of this section:
6.2. Theorem. Let C be a homological category.
(1) There is a bijection α between the radicals in C and the epireflective subcategories of C.
(2) The bijection α restricts to a bijection between the idempotent radicals in C and the torsion-
free subcategories of C.
(3) The bijection α restricts to a bijection between the hereditary radicals in C and the hereditary
torsion-free subcategories of C.
Proof. (1) Given a radical K in C, one considers the full replete subcategory F of C whose
objects X have the property that K(X) = 0. Then, given any object Y in C, the quotient Y →
Y/K(Y ) is the reflection of Y in the epireflective subcategory F .
On the other hand, given an epireflective subcategory F of C, with reflection F :C → F , the
radical K is defined as follows: given an object Y in C, its radical kY :K(Y) → Y is defined as
the kernel of the universal arrow ηY :Y → F(Y ) of the reflection. It is clear that the correspon-
dence just described determines a bijection α: indeed, this mainly follows from the fact that, in a
homological category, a regular epi is the cokernel of its kernel.
(2) By definition a radical K is idempotent exactly when the corresponding epireflection
F :C →F is normal (see Definition 4.9). The result then follows from Theorem 4.12.
(3) Given a hereditary radical and a monomorphism y :Y → X, the canonical commutative
square
K(Y)
K(y)
kY
K(X)
kX
Y
y
X
is a pullback. By Lemma 1.3 it follows that the reflection F(y) :F(Y ) → F(X) of y :Y → X
is a monomorphism, and we can then conclude by Lemma 5.2. This argument can be reversed,
yielding the result. 
We finally remark that, when C is semi-abelian, also the Birkhoff subcategories of C can
be characterized in terms of the associated radical. Indeed, let us call an idempotent radical a
Birkhoff radical if it preserves regular epimorphisms. This latter property means that the arrow
K(f ) is a regular epimorphism whenever f is a regular epimorphism. Then:
6.3. Proposition. Let C be a semi-abelian category. There is a bijection between the Birkhoff
radicals in C and the Birkhoff subcategories of C.
Proof. It essentially follows from Theorem 6.2(1), Lemmas 1.5 and 3.2. 
D. Bourn, M. Gran / Journal of Algebra 305 (2006) 18–47 476.4. Remark. When C is the semi-abelian category Grp of groups, it is well known that any
subfunctor K of the identity functor has the property that the canonical subobject kX :K(X) → X
is a kernel, for any X in Grp [22]. Therefore, any subfunctor of the identity functor is a preradical
in the sense of Definition 6.1. It follows that many results of this paper apply to any group
radical [16]: in particular, it will be possible to associate with it a closure operator on kernels.
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